Abstract. Differential equations arising in fluid mechanics are usually derived from the intrinsic properties of mechanical systems, in the form of conservation laws, and bear symmetries, which are not generally preserved by a finite difference approximation, and leading to inaccurate numerical results. This paper proposes a method that enables us to build a scheme that preserves some of those symmetries.
1. Introduction. Lie groups were introduced by Sophus Lie in 1870 in order to study the symmetries of differential equations. Then, substantial works and applications were carried out. Amongst them, Olver [3] , gave a complete introduction to the application of Lie group to differential equations; Ibragimov [4] , applied those results to numerical problems; Cantwell, [5] , provided a Mathematica based program yielding the Lie and Lie-Bäcklund groups of differential equations. Finite difference equations used to approximate the solutions of a differential equation generally do not respect the symmetries of the original equation, and can lead to inaccurate numerical results. We presently aim at proposing a method that enables us to build an invariant scheme with respect to specific transformations. Our work is based on the approach of Yanenko [2] and Shokin [1] . Both of them propose a Lie group theory that can be applied to finite difference equations by means of a differential approximation. They provide a group classification of finite difference schemes on the basis of the differential approximation and set down conditions under which the differential representation of a finite difference scheme preserves the symmetry group of the exact differential equation. Ames, Postell and Adams [6] have already used the approach of Yanenko and Shokin to present invariant schemes in which terms are added to the original difference scheme. They showed that, in specific cases, the invariant scheme is as accurate as high order numerical methods. Other ways of building invariant schemes were proposed. The invariantization of classical schemes using the moving frame method have been developed in [7] . Discretization techniques, which preserve some symmetries of the original equations, were studied in [8] , [9] , [10] , [11] .
The paper is organized as follows. The notion of invariance for a differential equation is developed in section 2. Section 3 briefly recalls the approach of Yanenko and Shokin. Section 4 concentrates on classical schemes. In section 5, we present a method that enables us to build an invariant scheme with respect to an otherwise lost symmetry. 
Definition 1.
A r-parameter Lie group is a r-dimensional smooth manifold G r , which has the group properties, such that the group operation of multiplication and inversion are smooth maps.
Concretely, a Lie group is defined as a group of smooth transformations which act on a manifold or an open subset of an Euclidean space. We presently concentrate on a local group, the transformations of which are close to the identity transformation.
Definition 2. A r-parameter Lie group G r of point transformations in the Euclidean space E(x, u) can be written under the form:
G r locally satisfies the group axioms: existence of an identity element, associativity, inversibility, closure under the binary composition operation. The transformation corresponding to a zero parameter is the identity transformation.
Expand the transformations by means of a Taylor series at the zero value of the parameter a:
The derivatives of φ i and ϕ j with respect to the parameter a α are smooth functions, called infinitesimals of the group G r . Denote by ξ α i and η α j the infinitesimals of G r . The point transformation group G r can be represented by means of the operator L α :
The operators L α , α = 1, . . . , r are called the infinitesimal operators of G r . {L α , α = 1, . . . , r} represents the set of tangent vectors to the manifold G r at the neutral element and is a basis of the Lie-algebra of the infinitesimal operators of G r , the dimension of which is the same as the one of the Lie group G r . The knowledge of the L α enables us to determine the point transformations of the group G r by solving the equations:
in conjunction with the initial conditions:
2.1.2. Invariance condition. The theory of group symmetries, generally applied to a system of algebraic equations, can be extended to a differential system, for which the action of the group is extended to the space of the derivatives of the dependent variables.
Definition 3. An analytic function F defined in the neighborhood of a = 0 is an invariant of the group G r if F (x, u) = F (x * , u * ).
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F can be expanded by means of a Taylor series at a = 0:
where
Equation (6) becomes then:
The equation (8) 
Definition 4. Consider a subset Ω of the Euclidean space E(x, u)
Ω is characterised by a system of d algebraic equations. Ω is an invariant subset of the group G r if all the elements of G r transform any point of Ω into a point of Ω.
Theorem 2. The necessary and sufficient condition for the subset Ω to be an invariant of the group G r is:
2.2. Symmetry properties of differential equations. Consider a system of l th -order differential equations:
Denote by u (k1...kp) the vector, the components of which are partial derivatives of
Denote by x = (x 1 , . . . , x m ) the independent variables, u = (u 1 , . . . , u n ) the dependent variables, and (x k1 . . . x kp ) a set of elements of the independent variables. Equation (12) is a subset of the Euclidean space E x, u, u (k1) , . . . , u (k1...k l ) . In order to take into account the derivative terms involved in the differential equation, the action of the group G r of transformations in the space E x, u) need to be extended to the space of the derivatives of the dependent variables. Denote by G (l) r a r-parameter Lie group of point transformation in the space E x, u, u (k1) , . . . , u (k1...k l ) of the independent variables, dependent variables and the derivative of the dependent variables with respect to the independent ones. r transform the solutions of the system into other solutions.
Definition 6. The l th -prolongation operator of G r is: 
where:
The F λ function which contributes to the differential system (12) can be considered as an analytic function defined on a subset of the space E x, u, u (k1) , . . . , u (k1...k l ) . The expansion by means of a Lie series of F λ yields: 
3. Invariance condition for the differential approximation. The finite difference scheme, which approximates the differential system (12), can be written as:
where h = (h 1 , h 2 , . . . , h m ) denotes the space step vector, and T = (T 1 , T 2 , . . . , T m ) the shift-operator along the axis of the independent variables, defined by:
Definition 7. The differential equation:
is called the l th s -order differential approximation of the finite difference scheme (17). In the specific case s = 1, the above equation is called the first differential approximation.
Denote by G ′ r a group of transformations in the space E(x, u, h):
by L α ′ the basis infinitesimal operator of G ′ r :
where 
α can be written as: 
or (12) and (19). They lead to an overdetermined system of differential equations, the unknowns of which are the infinitesimal functions.
5. The specific case of the Burgers equation.
Symmetries of the Burgers equation. The Burgers equation can be written as:
F (x, t, u, ν, ux, ut, uxx) = ut + u ux − ν uxx = 0
where ν ≥ 0 is the dynamic viscosity. Denote by G a group of transformations of the Burgers equation in the space E(x, t, u, ν) of the independent variables (x, t), the dependent variable u, and the viscosity ν. The viscosity is taken as a symmetry variable in order to enable us take into account variations of the Reynolds number. G is a set of transformations acting smoothly on the space E(x, t, u, ν). The 2 nd -prolongation of G can be written as:
where ξ α i , i = {1, 2} and η α are functions, which depend on the variables (x, t, u). σ α, (10) , σ α,(01) and σ α,(20) depend on (x, t, u, u x , u t , u xx ), while θ α depends on (x, t, u, u x , u t , u xx , ν). σ α, (10) , σ α,(01) and σ α,(20) are calculated according to equation (14):
The invariance condition of theorem 3, which enables us to obtain the expression of the infinitesimal operators, can be written as:
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Equation (28) provides an overdetermined system of linear partial differential equations for the infinitesimal functions. Solving these equations, by means of a symbolic calculus tool (Mathematica), provides the expression of the infinitesimal functions of a six-parameter group:
where a, b, c, d, e, f are constants. The six-dimensional Lie algebra of the group G is generated by the following operators:
which respectively correspond to:
• the space translation : (x, t, u, ν) −→ (x + x 0 , t, u, ν);
• the time translation : (x, t, u, ν) −→ (x, t + t 0 , u, ν);
• the tr transformation : (x, t, u, ν) −→
Symmetries of first differential approximations.
Denote by h the mesh size, τ the time step, N x the number of mesh points, N t the number of time steps, and u n i , i ∈ {0, . . . , N t }, n ∈ {0, . . . , N x } the discrete approximation of u(ih, nτ ). The Burgers equation can be discretized by means of:
• the FTCS (forward-time and centered-space) scheme:
• the Lax-Friedrichs scheme:
• the Lax-Wendroff scheme:
• the Crank-Nicolson scheme:
Linear stability properties and the related orders of approximation are displayed in Table 1 (where
Lax-Friedrichs
Lax-Wendroff Table 1 . Table of finite difference schemes Consider u i n as a function of the time step τ , and of the mesh size h, expand it at a given order by means of its Taylor series, and neglect the o(τ α ) and o(h β ) terms, where α and β depend on the order of the schemes. This yields the differential representation of the finite difference equation. The following differential representations are obtained:
• for the FTCS scheme:
• for the Lax-Friedrichs scheme:
• for the Lax-Wendroff scheme:
• for the Crank-Nicolson scheme:
Denote by G ′ the group of transformations of a first differential approximation in the space E(x, t, u, h, τ, ν) of the independent variables (x, t) and the dependent variable u, the step size variables (h, τ ) and the viscosity ν. The l ′ th -prolongation of G ′ can be written as:
where l ′ has been defined in 7. Theorem 4 enables us to obtain the necessary and sufficient condition of invariance of the first differential approximation P:
Theorem 4 is applied to the differential representations of the above schemes.
The resolution of the determining equations of each first differential approximation yields the 4-parameter group:
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The 4-dimensional Lie algebra of G ′ is generated by:
These operators are respectively related to:
• the space translation : (x, t, u, h, τ, ν) −→ (x + x 0 , t, u, h, τ, ν);
• the time translation : (x, t, u, h, τ, ν) −→ (x, t + t 0 , u, h, τ, ν);
where a 0 , b 0 , x 0 , t 0 are constants. Approximating the Burgers equation by the above finite difference equations results in the loss of the tr and Galilean transformations.
6. Invariant scheme with respect to the Galilean transformation.
6.1. Invariant scheme construction. In this section, we propose a method that enables us to build an invariant scheme with respect to the Galilean transformation:
Consider the 4 th -order differential representation of the FTCS scheme:
The 4 th prolongation operator of the Galilean transformation can be written as:
The necessary and sufficient condition for the differential approximation to be an invariant of the group of the Galilean transformation (see theorem 4) is:
The terms of the differential approximation, which inhibits the invariance with respect to the Galilean transformation, are:
A new difference equation represented by the differential approximation P new (x, t, u, ν, h, τ, u x , . . . , u xxxx ) is obtained by substracting a finite difference expression of R h,τ from the FTCS scheme: 
The following values are taken for the calculation in both frames:
CF L = 0.05, Re h = 1.6 (43)
The problem consists in solving the following differential system: 
